For an arbitrary parabolic subgroup P of the real or complex symplectic group, let N be the nilradical. Using Kirillov theory, a subset of the dual of N is found, whose complement has Plancherel measure zero. It is shown how these representations extend by combining with the oscillator representation of a lower rank symplectic group. A result is obtained concerning the commuting algebra of the restrictions to P of the principal series representation of the symplectic group induced from a unitary character of the opposite parabolic.
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For an arbitrary parabolic subgroup P of the real or complex symplectic group, let N be the nilradical. Using Kirillov theory, a subset of the dual of N is found, whose complement has Plancherel measure zero. It is shown how these representations extend by combining with the oscillator representation of a lower rank symplectic group. A result is obtained concerning the commuting algebra of the restrictions to P of the principal series representation of the symplectic group induced from a unitary character of the opposite parabolic.
Introduction. In [6] and [2] there are irreducibility theorems for principal series representations of symplectic groups induced from unitary characters of certain maximal parabolic subgroups. Such a representation can be realized to act in the ZΛspace of a nilpotent subgroup, the nilradical of the opposite parabolic. The irreducibility results are obtained in two stages. In the first stage the representation T is restricted to the opposite parabolic and the commuting algebra of the restriction is computed using nilpotent harmonic analysis. Since these parabolics are maximal subgroups, the full symplectic group is generated by the opposite parabolic together with a single element, say p. The commuting algebra of T is, therefore, the subalgebra of the commuting algebra of the restriction consisting of operators that commute with T(p). The second stage is the difficult determination of which operators these are. For arbitrary parabolic subgroups of the symplectic groups, even for arbitrary maximal ones, it appears that the second stage of this program is not feasible and the irreducibility theorems must come from more powerful methods in semisimple representation theory. However, the first stage can be carried out in full generality, and it is of interest for the way in which the oscillator representation occurs and because of the computations involved in the nilpotent harmonic analysis. This is the topic of this paper.
To be more specific, let P be a parabolic subgroup of the symplectic group Sp(«, F), where F -R or C. It is known that the principal series representation T of Sp(w, F) induced up from a unitary character of P can be realized to act in L 2 (N) , where TV is a nilpotent subgroup of Sp («, F) and N Π P is trivial. Let M be the normalizer of N in P, then the semidirect product NM is a parabolic subgroup conjugate to P (NM is 350 THOMAS A. FARMER the opposite parabolic) and N is the nilradical of NM. These groups are further described in §1. In §2, the theory of Kirillov is used to compute, except for a set of measure zero, the dual object of the nilradical of an arbitrary parabolic subgroup of Sp(w, F) . Denote by 91 the Lie algebra of the nilradical N and let 91* be the real vector space dual of 91. Sufficiently many coadjoint orbits in 91* are found so that the complement of their union has measure zero in 91*. The irreducible representations corresponding to these orbits are computed and they form a subset of the dual object of N whose complement must have Plancherel measure zero.
Let F = C, to simplify the remainder of this introduction, and let λ be an element of the dual of N 9 acting in a space L 2 (V). Define M λ to be the subgroup of M consisting of all m E M such that the representations z -» λ(m~λzm) and λ are unitarily equivalent. Depending on the choice of P, we will see that M is isomorphic to a direct product of the form
where n -n 0 + n λ + +/ι r , n 0 is nonnegative and n l9 ...,n r are positive. It turns out that M λ is isomorphic to
In §3, we extend λ to a unitary representation of NM λ acting in the same Hubert space L 2 (V) . For this we need a representation
The operators D λ (m) are given in terms of the oscillator representation of Sp(fl 0 , C) and a certain natural representation of O(n l9 C)
Finally, in §4, we indicate that there is a *-isomorphism between the commuting algebras of T \ NM and D λ . Throughout the paper we give the analogous results for the real field, which are more complicated to state.
Definitions.
In this section, we define some of the groups and introduce some of the notation that will be used throughout the paper.
Let F be the real field or the complex field, R or C. We choose to define the symplectic groups over F as is done in [5] The parabolic subgroups of Sp(w, F), up to conjugacy, can be worked out from (1.2) as in [8] ( §8). Let {n l9 n 2 ,...,n r ,2n 0 , n r , n r _ l9 ... 9 n x } be any sequence of integers with the indicated symmetry and satisfying the conditions that n i is positive for i = 1,... ,r, n 0 is nonnegative, and n -n o + n λ + ---+n r . Consider the blocking scheme for In X In matrices in which the diagonal blocks have dimensions 72j X Wj, AI 2 X W 2 >. >W r X W Γ ,2WQ X 2/2Q, Π r X A7 r ,...,/lj X Wj, respectively, from upper left to lower right. Corresponding to this blocking scheme we have
That is, gEP if and only if g G Sp(«, F) and, with respect to the blocking scheme, the blocks in g below the block-diagonal are zero. As defined by (1.3) , P is a parabolic subgroup of Sp(π, F). Moreover, each conjugacy class of parabolics in Sp(«, F) contains exactly one member of this form. Also associated with the above blocking scheme are the subgroups of Sp(«, F) called N and Λf, which we now describe. First, denote by W the subgroup of Gl(w -n 09 F) consisting of all matrices that are lower block-triangular with identity blocks along the block-diagonal; here the blocking scheme for (n -n o )X (n -n 0 ) matrices has diagonal blocks of dimensions n r X n r ,...,n 2 X n l9 n λ X n λ9 respectively, from upper left to lower right. Define N to be the subgroup consisting of all lower block-triangular elements of Sp(«, F) with identity blocks along the diagonal. Using (1.1), a matrix computation shows that In (1.4), (1.6) , and throughout the paper, we use the convention that any matrix with n 0 as a dimension is suppressed if n 0 = 0.
It is easy to verify that NM is a semidirect product with M normalizing N and that NM is conjugate to P in Sp(w, F). Let χ be a unitary character of P. The unitary representation of Sp(«, F) induced by χ is a member of the principal series associated with P. The formula for this representation T realized to act in L 2 (N) can be found in [5] ( §33.1). We shall only present, here, the formula for the restriction to NM of the principal series representations of Sp(«,
where 8(m) = d(mξm~ι)/dξ and dξ is Haar measure on N.
2. The dual of N. Let the nilpotent group N have the form (1.4) . In particular, this means we are fixing a blocking scheme for 2n X 2n matrices, in which the diagonal blocks have dimensions n ι Xn ι ,...,n r X n r ,2n 0 X 2n o ,n r X n r9 ... 9 n λ X n l9
respectively, from upper left to lower right. This induces blocking schemes for the various submatrices of z G N. Notice that if (t, y, x,w) G N then the blocking scheme induced on t has blocks along the secondary diagonal of dimensions n 1 X/i 1 ,...,w r X/i r from lower left to upper right. In this section we use the method of Kirillov to obtain the dual object of N (up to a set of Plancherel measure zero). For this we need the Lie algebra 91, its real vector space dual 91*, and the coadjoint action of N on 91*. The dual of N is taken to be a set of irreducible unitary representations of N which correspond to the orbits of maximal dimension in 91* under the coadjoint action of N.
As a linear Lie algebra, 91 is given by where 6 IS 9 the Lie algebra of W 9 is the set of (n -n 0 ) X (n -n 0 ) lower block-triangular matrices with zero blocks along the diagonal. The best way to express 91* seems to be as a set of equivalence classes in F 2nX2n . for z G TV and X G 91. Thus, the coadjoint (right) action of # on 91* is
This follows since, for X G 91, we have (X\Ad*z(c(X'))) = (Adz(X)\c(X')) 29 and w x is identical with w 2 below the block-diagonal. By computing the matrix product z'X'z*' 1 , with z = (/, y 9 x 9 w) G N and X' = (t\, y X9 Xχ 9 w x ) G 91*, we find the formula Letting z vary in N 9 (2.4) gives the orbit of X' in 91* under the coadjoint action of N. In general, the orbit is very complicated but a considerable simplification occurs if t x has the property that each submatrix t[ k \ with n x + -+ n k rows and columns, in the lower left corner of t x (k = 1,... ,r) is non-singular, Let us call this property secondary block-diagonalizable (SBD) as suggested by the following matrix fact. Let Λ be the set of all (n -n Q ) X (n -n 0 ) matrices λ =
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with λ i = λ* E Gl(« y> F)(/ = l,...,r) along the second block-diagonal and zero elsewhere. If t λ is SBD then we say that the orbit of (/ 1? y λ , x λ9 w x ) G 9L* is an SBD orbit. By Theorem 2.2 the SBD orbits are in 1:1 correspondence with the set Λ. Next, we will show that SBD orbits are orbits of maximal dimension. Let m denote the number of entries below the block diagonal in a blocking scheme corresponding to n -n o = n { + --+n r so that dim W= m. REMARK. We have not proved that there could not be an orbit of maximal dimension which is not SBD. Now that we have isolated the SBD orbits, we will present the corresponding irreducible unitary representations of N. Recall that a subalgebra % of the Lie algebra 91 is said to be subordinate to X' G 91* provided ([X, Y] \ X') = 0 for every IJel For fixed X' G 91* let % be a subordinate subalgebra of maximal dimension and let U = exp G ll. Define a unitary character on ί/by setting χ(u) = exp 2π/(log u | X'), for u E: U. The desired irreducible unitary representation of N is the one induced from χ.
It happens that there is a maximal subalgebra subordinate to every X' G 91*. In fact, define % = {(t l9 y l9 0 9 0) G 91}, then % is an abelian subalgebra of 91 and it can be verified that
for an SBD orbit θ, to show that % has maximal dimension.
For I 6 % we have X 2 = 0, which implies that exp X = / + X. Let U = exp %, then £/={(*, y 9 0, /) G N}. U is an abelian subgroup of N with group operation (/, y,0,1)(t\ /,0, /) = (* + /', y+y',0,1).
Also, define V = {(0,0, x, w) G N}, then Fis a subgroup of N with group operation given by (0,0,x,w) (0,0,x' 9 w') = (0,0, x + wx' 9 ww').
Elements of Λ^ can be uniquely expressed in the form z = uv, with u G U and v G V. In fact, (2.19) (/, ^, x, w) -(tw s + yx\ y 9 0, 7)(0,0, x, w ).
Also, V normalizes U since and recall that a is regarded as an (n -n 0 ) X (n -n 0 ) block-diagonal matrix. Let z = {t 9 y 9 x 9 w) E JV. Since y 9 x E X = F in~n°)Xn°, we can form the (n -n 0 ) X 2n 0 matrix [yx] . It will be convenient to define (3.1) Matrix multiplication now gives the following expression for m~ιzm: 
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Let λ E Λ and φ GL 2 (XX W\ then (3.2) together with (2.23) yields 
Fix λ E Λ. It is easy to see from (3.2) that A normalizes the subgroup V = {(0,0, JC, w) E N} of TV. Therefore, the formula
then, in terms of the parameters (I, μ), the formula becomes
for allz E N 9 D λ (m) defined by (3.6) . Thus,m λ = a'^λa 3 '-1 .
If w 0 = 0 then M -A and we are done, so assume in the discussion of S that follows that n 0 φ 0. Now let m = (s, /) E 5. In order to describe D λ (s 9 /), we need to parallel Weil's construction of the oscillator representation (cf. [4] 2.3). Fix λ E Gl(n -/i 0 , F) and let X be the vector space F {n~"o) X n 0 over i\ The dual of the additive group of X is identified with X using the bicharacter .
The family of operators The relationship between λ and the oscillator representation is given by the following sequence of results:
LEMMA 3.2. Let λ e Λ, μ e W, (t, y, x, I) e N u and s e Sρ(n 0 , F), then (3.15) Proof. Here is an outline of the proof. (1) Proof. First, note that for ψ G L 2 (X) and (t, y, x, I) 
That is, by Lemma 3.3 and (3.15) . Also, from (2.23), we have
that is, λ(0,0,0, w) commutes with D x (s). Combining these facts yields
[yx]s, w) = λ((s, I)'\t, y, x, w)(s, I)).
In summary, we have the result: 
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Next, we investigate the orbits in Λ under the action of M. Since (3.19) is correct for n 0 = 0 as well as for n 0 =£ 0, the results here hold in both cases. For any λ G A, let λ = (λ (1) ,... ,λ (r) ), where λ<*> = (λ ( *>) 5 is the non-singular, n k X n k submatrix of λ in the /cth position (k = 1,... ,r) along the secondary block-diagonal of λ (counting from lower left to upper right). For (s 9 a) G M, let a = (α (1 \ where a (k) G Gl(n k , F) is the submatrix of a in the kth position along the block-diagonal (counting from lower right to upper left). In terms of this notation, the action of M on A is given by (3.20) m λ = (a (l) 4. The commuting algebra of T restricted to NM. Corresponding to a certain blocking scheme for In X In matrices, we have defined a parabolic subgroup P of Sp(w, F), the opposite parabolic NM, and the principal series representation T induced from a unitary character on P and acting in L 2 (N). Next, we obtain theorems concerning the commuting algebra of T \ NM generalizing results in [6], [2] , and [1]. Proofs will be omitted here; they are similar to what can be found in the papers just mentioned.
Let Λ 1? ... ,Λ 7 denote the orbits in A under the action of A and let λ ι ,...,λ ι be orbit representatives (see Theorem 3.5) . Define the stability subgroup of λ i άn A:
for i = 1,...,/. The subgroup A i is uniquely determined by the orbit, up to conjugate subgroups in A. We are also interested in the stability subgroup of λ, in M. This turns out to be SA i9 as is easily seen. Consider, now, the restriction of D λj to SA ( . By (3.5) 
